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Modes of Oscillation in a
Nonreacting Ramjet Combustor Flow

Wen-Huei Jou* and Suresh Menonj
Quest Integrated, Inc., Kent, Washington 98032

The results of the numerical simulation of cold flows in a ramjet are used to identify the mechanism that leads
to the observed pressure fluctuations. The acoustic disturbance is defined as the unsteady part of the potential
field and is shown to be driven by the instantaneous dilatation field. The quadrupole nature of the sound source
around each vortex in the flowfield is demonstrated. The dilatation field in the vortex impingement region on
the nozzle wall is considered a compact acoustic source and is analyzed by multipole expansion of the distributed
field, revealing a strong axial acoustic dipole 180 deg out of phase with the impinging vorticity fluctuations. This
dipole response to the vortical fluctuation is applied as the impedance for the vorticity/acoustic fluctuations at
the nozzle. The spectral analysis of pressure and vorticity fluctuations reveals both a resonant acoustic mode in
which the vortical disturbances excite the acoustic free modes, and a coupled mode in which the acoustic and
vortical disturbances are coupled through dipole radiation at the nozzle and the acoustic susceptibility of the
separating shear layer at the dump plane. A model for the coupled mode is proposed that provides a method for
estimating its frequency.

Introduction

R AMJETS are known to be unstable under certain operat-
ing conditions. Many studies show that vortex shedding

at the flameholder is a major factor in this instability. In a
recent study,1 a numerical method for simulation of the un-
steady flow in an axisymmetric ramjet combustor has been
developed. In particular, the proper boundary conditions and
the accuracy of the computations were addressed. Simulations
of cold flows in a ramjet combustor with a choked exhaust
nozzle were performed. It was found that the axisymmetric
shear layer is unstable, and that concentrated vortices are
formed by the rollup of the vortex sheet. The subsequent
merging of these vortices contributes to the growth of the
thickness of the mixing layer. The contribution of these large
coherent structures to the global transport of momentum was
computed by the evaluation of various mean flow quantities
from the simulation data. For unsteady aspects of the flow,
the pressure-time history at various locations in the combustor
indicated that coherent pressure fluctuations exist in the com-
bustor, although the amplitudes are small.

The present paper concentrates on the analysis of the simu-
lation results and on extracting detailed information on the
physical processes leading to the coherent pressure fluctuation
in the dump combustor. The methodology used to extract
acoustic information from the results of numerical simula-
tions is described. In particular, the nature of the acoustic
source resulting from the vortex/choked-nozzle interaction is
uncovered. Based on the information extracted from the simu-
lations, possible mechanisms for pressure oscillations in a
dump combustor are described. In particular, the differentia-
tion between resonant oscillations and coupled-mode oscilla-
tions is made. Although the former has been widely recog-
nized by researchers, the detailed mechanism of the latter is
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less understood and requires further investigation. In this
paper, a model is constructed to explain the coupled-mode
oscillations and to make some preliminary estimates of the
characteristic frequency of the coupled modes.

Extracting Acoustic Information
The major difference between the present simulations and

the direct numerical simulations of incompressible turbulent
flows extensively investigated in the past2'3 is the existence of
acoustic disturbances in the computational domain when the
reduced frequency of the system based on the speed of sound
is of the order of unity.1 New methods must be developed to
extract acoustic information from the results of numerical
simulations in order to uncover physical phenomena associ-
ated with the compressibility effects.

In a linearized analysis by Chu and Kovasznay,4 it was
shown that the propagation of small disturbances in a com-
pressible fluid can be decomposed into three canonical compo-
nents. One of these components consists of the acoustic
waves, with the speed of sound as the characteristic velocity.
The other two are the entropy wave and the vorticity wave.
Their characteristic velocity is the fluid velocity, and thus they
are called convective waves. This theory is applied to distur-
bances in an infinite space. It can also be applied to localized
disturbances where the boundary conditions are not consid-
ered.

For flows in a finite space, as in a ramjet combustor,
boundary conditions are an important element of the prob-
lem. The decomposition of the linear disturbance into canoni-
cal components must consider the appropriate boundary con-
ditions that may result in coupling among the free wave
components. Furthermore, large-amplitude nonlinear distur-
bances, such as vorticity fluctuations resulting from the insta-
bility of a shear layer, may occur in a ramjet combustor. This
is evident from the numerical simulations, as demonstrated in
the accompanying article.1 The notion of an acoustic wave
defined by a linearized analysis, such as that of Chu and
Kovasznay,4 serves as a conceptual guideline for developing
methods of interpreting physical processes in a nonlinear sys-
tem. In a nonlinear near field, however, the definition of an
acoustic disturbance requires clarification. A clear definition
of an acoustic disturbance applicable to a nonlinear system is
necessary for the consistent analysis and interpretation of the
results of numerical simulations.
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Since an acoustic disturbance is identified with the unsteady
potential flow in a linearized system, it is natural to attempt to
define the acoustic disturbance in terms of the velocity field. It
is well known (e.g., Goldstein5) that a vector field u can be
decomposed into a solenoidal field v and a potential compo-
nent V(/> as

u = v + V0 (1)

The solenoidal field v satisfies the incompressible condition

V -v = 0 (2)

and the vorticity of the velocity field u is included by v to
satisfy the following relation:

A similar approach was taken by Flandro6 to separate the
vortical motion and the irrotational acoustic oscillations.
From Eq. 3 the vorticity 12 can be identified as the source term
in determining the vortical component of the velocity field v.
In particular, a stream function \l/ can be defined for the
solenoidal field v in two-dimensional or axisymmetric flows so
that

where the vorticity is the source term for determining the
vortical stream function ^.

Although the solenoidal field contains all of the vortical
field of the given velocity field, the potential field </> includes
all of the dilatation field of u. Therefore,

V2c/>= V -u = A (5)

where A is the dilatation field. This decomposition is arbitrary
up to a solenoidal-potential field. In other words, the classifi-
cation of an irrotational-incompressible flowfield into one of
the two components is arbitrary. This decomposition of the
velocity field is kinematic in nature and is valid for both the
linear and nonlinear cases.

The definition of acoustic disturbance is given as the un-
steady portion of the velocity potential.7'8 Goldstein5 further
constrained this decomposition by defining the vortical veloc-
ity as that governed by a pure convective equation. The pres-
sure variation is attributed to the "acoustic" velocity field.
This constraint attaches dynamic significance to the original
kinematic decomposition, and therefore the arbitrariness in
the decomposition of the velocity field in Eq. (1) is removed.

Subtracting the time-averaged part from Eq. (5), the equa-
tion for the acoustic potential 4>' can be given as

V2</>' -A- <A> = A' (6)

where the instantaneous fluctuating dilatation field A' acts as
a source.

In analyzing the results of the numerical simulations de-
scribed earlier,1 the vorticity contour field was used as a repre-
sentative quantity for visualization of the vortical disturbance
in the flowfield. From the parallel between Eqs. (4) and (6), it
appears that the unsteady part of the dilatation field may serve
as a representative quantity for visualizing the acoustic distur-
bance.

In the numerical simulations, the dilatation field is com-
puted at each time step. A time average of the dilatation field
for the simulation time period is performed. The mean field is
then subtracted from the instantaneous field to obtain the
instantaneous fluctuating component. Typical contours of the
instantaneous dilatation field in the combustor are shown in
Fig. 1. Two regions of high instantaneous dilatation field are
identified and analyzed in detail below.

The first region is the shear layer near the dump plane where
the rollup occurs. A careful examination of the dilatation and
vorticity fields in this region reveals that the dilatation field
around each concentrated vortex is a quadrupole. Figures 2a
and 2b show closeups of the vorticity field and the correspond-
ing dilatation field, respectively, near the dump plane. The
quadrupole nature of the dilatation field around a rollup
vortex is clearly shown. This visual pattern of the dilatation
field travels with the vorticity pattern, which contradicts the
general notion of an acoustic disturbance.

Consider LighthilPs acoustic analogy9:

(7)

The source term S of this equation involves the fluctuation of
the "Bernoulli enthalpy."10'11 For the present case, in which
combustion is absent, this source term consists mainly of the
vortical disturbances. In the near field, these sources are not
negligible. The length and time scales of the sources dominate
this region so that the acoustic Eq. (7) must be scaled accord-
ingly. It follows immediately that the first term of the acoustic
equation is of 0 (M2) as compared to the other terms and is
negligible in low subsonic flows. The acoustic potential is
governed by a Poisson's equation with vorticity disturbances
acting as a source term. The propagation aspects of the acous-
tic wave are lost under this scaling, and the acoustic potential
field, which is dominated by the sources in the near field,
travels at the characteristic velocity of a vortical field rather
than at the speed of sound. This is usually called a pseudo-
sound12 and is not an acoustic wave in the conventional sense.
The quadrupole behavior of the dilatation field around a
concentrated vortex essentially reflects the source behavior
discussed by Lighthill.9 It is worthwhile to mention that the
quadrupole sources are weak radiators of sound, and perhaps
the resulting acoustic waves interact only weakly with the
vortical motion. The same conclusion was arrived at by Flan-
dro.6

The visualization of the dilatation field probably can be
used to detect a propagating short acoustic wave such as a
shock wave. In general, the long wave in a subsonic flow is
difficult to visualize by this method. If the short-wavelength

Fig. 1 The instantaneous dilatation field in the combustor for M= 0.32 and ReD = 1 x 104. The computational grid resolution is 256 X 64, and
the contour interval is 200 s ~ l.
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a)

b)

Fig. 2 Comparison of vorticity and dilatation field near the dump plane. Conditions same as in Fig. 1: a) vorticity contours at interval of
3000 s ~ !; and b) dilatation contours at interval of 150 s ~ l.

pseudosound disturbances caused by the vortical field can be
filtered from the computed dilatation field, the long acoustic
wave may be revealed. This filtering process requires integra-
tion of the dilatation field over a sampling volume that is small
compared to the wavelength and yet large compared to the
scale of the vortical disturbance. In the simulations, a suitable
spatial average over a sampling volume is difficult to define,
and the deduction of long acoustic waves from the results of
simulations has not been attempted.

The dilemma of separating acoustic information from the
vortical disturbances, as demonstrated by the pseudosound
discussed above, is not new. Crow11 posed the problem of the
formulation of an acoustic equation as follows: given a vortic-
ity field fi, find the density field and the velocity potential. He
considered the subsonic cases in which the eddy length scale
and the length scale of the region of vortical disturbances are
much smaller than the acoustic wavelength. The acoustic anal-
ogy of Lighthill9 is the result of a matched asymptotic expan-
sion based on the smallness of the characteristic lengths in
comparison to the acoustic wavelength. For a source region
with dimensions comparable to the wavelength, he concluded
that the separation of the acoustic disturbance from the vorti-
cal disturbance is dubious. Although it is purely speculative, a
multiple-scale expansion may lead to a better formulation for
the problem in which the region of vortical disturbances is as
large as the acoustic wavelength, whereas the eddy size re-
mains small. This is, of course, beyond the scope of the
present work.

Since the dilatation in the near field is dominated by the
pseudosound and since the propagation aspects of acoustic
waves are difficult to isolate for a low subsonic flow, the

dilatation field is used to define the characteristics of the
acoustic sources only in the near field. The detection of a
long-wavelength acoustic disturbance in the numerical simula-
tions relies mainly on the temporal record of pressure fluctua-
tions at locations where the vortical disturbances are believed
to be small.

The second region of high instantaneous dilatation field is
near the location where the coherent vortical structures im-
pinge on the solid surface. The structure of the dilatation field
in that region is also very complex. Figure 3 provides a com-
parison between the vorticity and dilatation fields near the
nozzle region for two points in time during the simulation. If
the eddy size is small compared to the acoustic wavelength, the
source can be considered compact. Its behavior can be repre-
sented by a multipole expansion of the distributed sources.5
The lower-order singular sources are known to be more effec-
tive sound radiators than quadrupoles. The strengths of the
first two terms of the expansion can be determined by taking
spatial moments of the distributed dilatation field over a sam-
pling volume. The strength of the monopole #0

 and the dipole
q\ can be computed by the following integrals:

(8)

(9)

where V is the sampling volume containing the vortex im-
pingement region. The time variation of the strength of the
monopole and the axial component of the dipole together with

q0 = \ A' d*
) v
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b) d)

Fig. 3 Comparison of vorticity and dilatation fields in the nozzle. Conditions same as in Fig. 1: a) vorticity field; b) dilatation field; c) vorticity
field; and d) dilatation field.
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Fig. 4 Time variation of the nondimensional vorticty 11, acoustic
monopole go, and acoustic dipole q\ in the nozzle region.

the vorticity integrated over the same volume are displayed in
Fig. 4 to show their relationship. It appears that, as the large
vortical structure impinges on the wall, a strong fluctuating
dipole is generated there. The dipole field is 180 deg out of
phase with the vorticity fluctuation.

In carefully performed wind-tunnel experiments, Wills13 ob-
served upstream propagating acoustic disturbances generated
at the downstream diffuser even at a low flow speed of 38 m/s.
Crighton,7 in studying the problem of "excess jet noise,"
found that turbulence causes a fluctuation in the thrust of a jet
that is acoustically equivalent to a strong dipole, and that the
unsteady mass flux corresponds to a weak monopole. Flan-
dro6 postulated that the drag on a constriction in a combustion
chamber is equivalent to the body force in the flowfield. By
incorporating this body force into the momentum equation,
the effect of the constriction on acoustic disturbance can be
shown to be a dipole. In the present problem, the interaction
between the impinging vortices and the nozzle causes fluctuat-

ing forces on the nozzle. Acoustically, the fluctuating force is
equivalent to a dipole, as shown by the preceding analysis.
These results provide some insight into the nature of sound
generation due to vortex impingement on a nozzle. This
knowledge of the acoustic behavior of the nozzle resulting
from the interaction between impinging vortices and the noz-
zle can be used to construct a model for the pressure oscilla-
tions, as will be discussed in the following two sections.

The major finding presented in this section is that the in-
stantaneous dilatation field is the appropriate quantity to rep-
resent the acoustic field. It was also found, however, that the
near-field dilatation is dominated by the pseudosound and
therefore represents the source behavior. If the sources are
assumed compact, Eqs. (8) and (9) can be used to find the
acoustic monopole and dipole sources in the flowfield.
Quadrupole sources are considered weak radiators and are
neglected.

Mode of Oscillations
In the preceding section, the attempt to extract acoustic

information from the results of simulations was discussed.
The propagation aspect of the long acoustic wave, however, is
difficult to isolate. Therefore, point pressure data may be a
better representative quantity for the analysis of long acoustic
waves. The power spectra of various flow quantities computed
at a set of discrete points in the flowfield are analyzed to
provide further information on the fluctuating field. The flow
quantities chosen for analysis are the vorticity and the pres-
sure. The first quantity represents the vortical component of
the flowfield, whereas the second quantity is more ambiguous.
Again, in the near field, both the vortical component and the
acoustic component, if such a distinction can still be made,
contribute simultaneously to the fluctuation of the static pres-
sure. As Ffowcs Williams pointed out,14 the low-frequency
components of the pressure fluctuation must contain acoustic
waves. There are locations in the combustor where the vortic-
ity is locally at a very low level. Because the flow is locally a
potential flow, the pressure fluctuations computed there are
assumed to represent acoustic oscillations. Since the acoustic
wavelength is comparable to the length of the combustor, the
Biot-Savart law may not give the correct phase relation be-
tween the source and the pressure fluctuation at the dump
plane. The Biot-Savart law is applicable only when the acous-
tic wavelength for the given frequency is much larger than the
distance between an observer and the source. In the present
simulations, the pressure fluctuation at the base of the back-
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ward-facing step, where the vorticity fluctuation is small, is
considered an acoustic fluctuation.

Figure 5a shows the computed spectrum of pressure at the
base of the step. The Mach number in the inlet duct for this
simulation is 0.32. There are three distinct peaks in the spec-
trum at approximately 650, 370, and 180 Hz. Although the
level of the pressure oscillations is low, at only 4% of the static
pressure, the existence of peaks at these distinct frequencies
deserves careful consideration.

There are several ways in which vortical motions of the fluid
elements can contribute to the coherent acoustic oscillations.
The easiest mechanism to identify is that of a resonant oscilla-
tion. Consider Lighthill's acoustic analogy,9 as shown in Eq.
(7). The vortices are considered a source independent of
acoustic waves. Their presence merely excites the acoustic
disturbances. When the space-time distribution of the sources
contains one of the "free modes" defined by the eigensolu-
tions of the homogeneous acoustic equation and boundary
conditions, a resonant condition is satisfied. The acoustic
oscillations in the duct accumulate, and large-amplitude oscil-
lations may result. The frequency of this class of oscillations is
that of a free mode.

There is another mechanism by which vortical disturbances
can cause pressure fluctuations in a bounded domain such as
a dump combustor. In this mechanism, a vortical disturbance
may couple with the acoustic disturbance at the boundary to
form a type of oscillation in which the vortical disturbance is
part of the eigenvector and in which the frequency depends on
the eigenvalue of the combined vortical/acoustic wave opera-
tor and therefore also depends strongly on the phase speed of
the vortical disturbance. This coupling between vorticity and
acoustic waves at the solid boundary was discussed in its
linearized form by Goldstein5 in his general discussion of the
sound generated by a blade row. This type of oscillation is
referred to as coupled-mode oscillation. The detailed mecha-
nisms of this mode will be discussed in the next section using
a simple model.

w&
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Fig. 5 Pressure spectra at the base of the step. The computational
grid is 192 x 64 and ReD = 5 X 103: a) A/= 0.32; and b) M = 0.44.

The following simulation method was used to clarify the
nature of the observed spectral peaks. The frequency of a
resonant oscillation depends primarily on the speed of sound
and only weakly on the convective speed. A variation in Mach
number with the same stagnation conditions will not substan-
tially alter the temperature of the chamber, and thus the
frequency of an acoustic free mode, if the Mach number is
kept reasonably low. The variation in the flow velocity, how-
ever, is almost proportional to that in the Mach number. The
frequency of a coupled-mode oscillation will then be shifted
substantially with variations in the Mach number. In order to
take advantage of this property, two simulations were per-
formed: one at an inlet Mach number of 0.32, the other at
0.44. By comparing the frequency spectra of the oscillations
from these two simulations, the resonant modes and the cou-
pled modes can be identified.

The spectra of pressure oscillations at the base of the step
from these two simulations are shown in Figs. 5a and 5b. The
peaks in the 650-Hz range from these two simulations are
almost identical. These peaks are identified as acoustic reso-
nant oscillations. To investigate the properties of this mode
further, the obtained pressure spectra at a set of discrete
points along the wall of the combustion chamber were ana-
lyzed. The amplitudes of the 650-Hz peaks were plotted
against the axial distance in Fig. 6. From this figure, the sonic
throat appears to serve as a nodal point for this mode of
oscillation. There is also another minimum in the dump re-
gion. Since the phase information was not retained, this mini-
mum is assumed to be a node. The frequency estimate using
the distance between these two node points as half of an
acoustic wavelength is approximately 650 Hz, which agrees
with that obtained from the spectra. The present investigation
has not attempted to develop an accurate method of predicting
the frequencies of the acoustic eigenmodes for the combustor
combined with an inlet duct. The dump has a slenderness ratio
of approximately 5 and a sonic nozzle located downstream. A
one-dimensional model may not give an accurate estimate of
the frequency even for the lowest few modes. The results of
the numerical simulations, as shown in Fig. 6, provide an
approximate mode shape for the excited acoustic resonant
mode near the combustor wall. Further investigation is re-
quired to substantiate this conclusion.

Figure 5 also shows that the frequency peaks in the range of
180 and 370 Hz in the simulation with a Mach number of 0.32
(Fig. 5a) are shifted upward with the increase in Mach number
to the range of 260 and 450 Hz (Fig. 5b). These are identified
as the coupled-mode oscillations. Further, to substantiate that
these lower-frequency peaks are related to vortex motion, the
time history of vorticity was recorded at a location near the
impingement point, which is identified in the vorticity contour

0
.0 J .1 .2 .3

I AXIAL LOCATIO1S
DUMP PLANE THROAT

Fig. 6 Wall pressure amplitude for the 650-Hz oscillation.
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Fig. 7 Vorticity spectra near the nozzle entrance. Conditions same as
in Fig. 5: a) M = 0.32; and b) M = 0.44.

plots. The power spectra of the vorticity fluctuations at these
locations for the two Mach numbers are shown in Figs. 7a and
7b. In these figures, strong vortical activity is evident in the
neighborhood of the low-frequency ranges of 370 and 450 Hz.

In addition, it is shown in the preceding section that, as a
large vortical structure impinges on the wall, the local instan-
taneous fluctuating dilatation field collectively behaves as a
dipole. A strong sound radiation may originate from that
region. This observation suggests that the low-frequency pres-
sure fluctuations at the base of the step appear to correlate
with the vorticity impingement at the downstream nozzle. In
the following section, a model to describe the coupled-mode
oscillations is proposed.

Coupled-Mode Oscillation
It was demonstrated in the preceding section that, at the

base of the backward-facing step, the pressure oscillation ap-
pears to contain frequency components correlating well with
those of the vorticity fluctuations near the impingement point
depend on the convective speed of the large vortices. This
correlation suggests that the vorticity fluctuation may partici-
pate directly in the oscillation mode. Although the details of
the interaction process can be quite complex, its essential
mechanism may be described in the following simple manner.
Upon impinging on the nozzle, a vortex generates an acoustic
disturbance, which then propagates upstream and is locally
amplified by the diffraction around the corner of the back-
ward-facing step. The resulting acoustically induced velocity
perturbs the shear layer near the separation point. This pertur-
bation propagates downstream as an unstable vorticity wave,
which results in the formation of a large vortical structure.
The process is thus self-sustaining. This class of oscillations is
referred to as the coupled mode.

Coupled-mode oscillations have been described in many
different terms for various flow conditions. For example,
Rockwell and Naudascher15 made an extensive review of the

self-sustaining edge-tone or cavity oscillations. Culick and
Magiawala8 discussed the pressure oscillations in a solid-pro-
pellant rocket in which the spacer of the grain sheds vortices
that, upon impinging on the downstream spacer, generate
upstream-propagating acoustic disturbances that initiate new
vortices. Dunlap and Brown16 and Brown et al.17 experimen-
tally identified periodic vortex shedding as one of the primary
sources of acoustic energy in a rocket engine and in a ramjet.
Flandro6 proposed a model for the experiments by Dunlap and
Brown16 and suggested that the vortex interaction with an area
constriction produces an axial acoustic dipole; this conclusion
is supported by the present numerical simulations.1 Ho and
Nosseir18 experimentally investigated a similar feedback mech-
anism for a jet impinging on a flat plate. Abouseif et al.19

studied the generations of acoustic upstream feedback by the
interaction of an entropy wave with a nozzle. Martin et al.20

identified a similar mechanism as the source of wind-tunnel
pumping observed in an open jet tunnel with a downstream
diffuser. Tarn and Block21 investigated the origin of the pres-
sure oscillations in a cavity with external flow. Bogar and
Sajben22 used this mechanism to explain the experimentally
observed oscillations in a diffuser with a frequency not associ-
ated with the acoustic modes. Williams23 pointed out the pos-
sibility of combined vorticity/acoustic oscillations in a com-
bustion chamber.

A model has been constructed that uses the information
presented earlier in this article about the characteristics of the
acoustic source resulting from the interaction between imping-
ing vortices and the nozzle. The inlet duct is also included as
a part of the acoustic system in the coupled-mode oscillations.
This model not only clearly demonstrates the physical mecha-
nism of the interaction between the acoustic wave and the
vortical disturbance but also provides a method for evaluating
approximately the frequencies of the coupled modes.

Equation (7) is rewritten in the following form:

(10)

where A ' s is the distributed dilatation field contributed by the
source. As discussed the contribution of the propagation term
to the dilatation field is small compared to that of the source
term in the source region. Hence, the dilatation field com-
puted from the simulations consists primarily of the latter. To
investigate the propagation aspects of the acoustic wave, Eq.
(10) is filtered to reveal the long-wave behavior. This results in
restoration of the propagation term; the small-scale sources
are compact and can be represented by the Dirac delta func-
tion or other generalized functions.

It is perhaps more illustrative to use acoustic pressure,
rather than acoustic potential, as the acoustic variable for this
simple one-dimensional model, i.e.,

1 d2p d2p
~c2HT2~~dx2

_
~P dt (11)

In Eq. (11), the convection of acoustic disturbances by the
mean flow is neglected for low subsonic flows, and A' is the
filtered dilatation field. In the preceding discussion, it was
found that a strong dipole source for dilatation is generated by
the impingement of vortices on the nozzle wall. The dimen-
sions of the nozzle are assumed to be small relative to the
acoustic wavelength. Therefore, the multipole expansion of
the computed dilatation field can be applied by using the
entire nozzle region, from the entrance to the throat, as the
sampling volume. The results can be interpreted as the acous-
tic response of the complete vortex/nozzle/acoustic interac-
tion, because the dilatation field is computed by solving the
nonlinear flow equations and by satisfying the exact boundary
conditions on the nozzle wall. Hence, the dilatation field at the
nozzle can be written as

A ' = - - xn) (12)
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where a. is a transfer coefficient, d(x) is the Dirac delta func-
tion, and xn is the axial location of the nozzle. The sign in Eq.
(12) is determined by the fact that the dipole source is 180 deg
out of phase with the vorticity fluctuations.

For a vortical disturbance, the following convective equa-
tion is assumed:

(dQ/dt) + U0 (13)

where UQ is the convective velocity for the vorticity. In this
one-dimensional model, the detailed dynamics of the vorticity
is lost. For example, the instability of a vortex sheet or a shear
layer cannot be included in one-dimensional dynamics. In-
stead, an ad hoc model of a growth rate a for the vorticity
disturbance is included in Eq. (13) to reflect the spatial growth
of a vortical disturbance. From Michalke,24 the growth rate of
the vortical disturbance is related to the thickness of the shear
layer; it is larger for a thinner shear layer and smaller for a
thicker shear layer. The convective velocity UQ consists of two
parts. The dominant part is the phase speed of the vorticity
disturbance. This convective speed has been observed to be
0.5-0.6 of the exit velocity at the dump plane. In the numerical
simulations, a two-point correlation of the vorticity fluctua-
tions along the flow direction was obtained for estimating the
propagation speed.1 It was found that the convective speed for
the vorticity in the dump is approximately 0.6 of the velocity
in the inlet duct, as was found by many previous investigators,
and becomes slower approaching the impingement point. The
other part of the convective velocity is the convection of
vorticity by acoustically induced velocity. This is assumed to
be small and is neglected in the one-dimensional model. The
generation of vortical disturbances in the interior of the com-
bustor is neglected. The sources of generation of vortical
disturbances are mainly nonlinear mechanisms, such as the
interaction between an acoustic wave and an entropy wave or
between an entropy wave and a vortical wave. An example of
the latter can be found in the numerical simulation of a
heat-releasing reacting mixing layer,25 where the so-called
baroclinic torque produces vorticity in the flowfield. Such
mechanisms are considered small in the linearized model and
are neglected in Eq. (13). The most important mechanism by
which the acoustic wave perturbs the shear layer is its interac-
tion with the corner of the backward-facing step, as will be
discussed later.

The acoustic equation, i.e., Eq. (11), is applied separately to
both the dump combustor region and the inlet duct. The
solutions in these two regions are matched by the continuity
conditions at the dump plane. Thus, if p\ and p2 are the
solutions in the duct and the dump region, respectively, the
following boundary conditions are applied:

Pl=p2 at* = 0 (14)

= dl (dp2/dx) at x = 0 (15)

where the dump plane is located at x = 0 and the diameters of
the inlet duct and the dump are d\ and d2, respectively.

Numerically, a constant stagnation-pressure boundary con-
dition was applied at the inlet.1 This condition can be formu-
lated in terms of a homogeneous boundary condition by lin-
earization of the steady-state isentropic relation as

(16)

where u ' is the acoustic velocity and M is the Mach number at
the inlet. In an unsteady calculation, the stagnation pressure,
as defined by the steady-state form, is not applicable, strictly
speaking. Without better implementation of the inflow
boundary condition, however, this boundary condition can be
considered as an ad hoc condition. It is important that this
boundary condition does not add energy to the acoustic oscil-

lations in the interior of the computational domain. It was
found that this boundary condition actually has a damping
effect on the acoustic waves in the system and does not gener-
ate spurious acoustic waves that could otherwise be mistaken
as self-sustained oscillations.

The nozzle and the supersonic region downstream of the
throat are replaced by a dipole source in the acoustic equation.
Because the behavior of the dipole source has been computed
by the numerical simulation, the left-running waves resulting
from the complex acoustic/vortex/nozzle interaction are in-
cluded in the radiated waves by the source. Thus, no addi-
tional left-running "free wave''from the homogeneous solu-
tion of the acoustic equation is required.

The remaining boundary condition is the mechanism of
perturbing the shear layer by an acoustic wave at the dump
plane. At the step where the boundary layer separates from the
surface to form a free shear layer, an acoustic disturbance is
amplified locally by the diffraction around the sharp convex
corner. In fact, a linear acoustic theory will predict an infinite
acoustic velocity at the corner. Research in the past has been
directed toward the issue of the so-called acoustic susceptibil-
ity at the separation point. For example, Orszag and Crow26

addressed the problem in the incompressible limit by examin-
ing the shear layer behind a trailing edge. They found that a
new vorticity disturbance must be initiated to compensate for
the infinite flow velocity at the trailing edge induced by the
instability wave of the vortex sheet. Crighton and Leppinton27

investigated the acoustic susceptibility of the shear layer be-
hind a trailing edge of a flat plate. Again, the Kutta condition
at the trailing edge determines the vorticity disturbance that
eventually grows into a large-scale coherent structure. This
mechanism can be represented by the following boundary
condition:

=0 (17)

Here, (3 is another transfer function and u' is the acoustic
induced velocity at the dump plane, which is related to the
gradient of acoustic pressure by the relation

pQ(du'/dt)= ~(dp2/dx) (18)

The vorticity dynamics and the acoustic oscillations are cou-
pled through the dipole source and the boundary condition at
the dump plane. The system of equations with the boundary
conditions is homogeneous. We seek an eigensolution of the
form

M-M (19)

where/is the frequency. The variables in the remainder of this
article are all nondimensionalized by the reference quantities
(e.g., the velocity by the speed of sound c, the spatial coordi-
nate by xn, time by xn/c) and use the same nomenclature as
the dimensional quantities.

The vorticity equation, i.e., Eq. (13), can be integrated
easily to give

» _ a e(-ifx/Mo) + (a/Mo/)x (20)

where a5 is an arbitrary integration constant, M0 is the Mach
number of the vortex convective speed, and a represents the
nondimensional growth rate of vortical disturbances.

The Green's function for the acoustic equation, i.e., Eq.
(11), is given by a retarded potential as

\x -X0\) (21)
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Thus, the particular solution of Eq. (11) can be given by

a2 fn~ = — rv ——— I r, xn) d(x0-xn)

xd(r-t + \x-xn\)dTdx0

or
pp = - \x-xn\)

x<xn

x>xn

(22)

(23)

where the prime denotes the derivative with respect to the
argument. Only the region x<xn is of interest.

Using Eq. (23), the general solution of the forced acoustic
equation in the dump region can be given as

P2 = <

where

and

a4e ~ifx ± a5(A/0)Fe - (

A = af3e(a/Mo)Xn

x<xn

x>xn
(24)

(25)

(26)

Here, a3 and a4 are integration constants. It is useful to express
the derivative of p2 as

- a4e as(A/(3)Fe ' * (27)

There is no phase shift across the nozzle.
The acoustic pressure in the inlet duct is simply given by

Pi = (28)

where a\ and a2 are integration constants.
The coefficient 03 can be set to zero to eliminate the left-run-

ning "free wave," as was discussed. The remaining integra-
tion constants can be determined by the boundary conditions
given in Eqs. (14-18). Because these boundary conditions are
homogeneous, the eigenvalue / can be obtained from the
condition that the characteristic determinant vanishes.

The eigenvalue problem contains four physical parameters:
the convective Mach number M0, the inlet duct length /, the
area ratio between the dump and the inlet duct R ( = d2/d2),
and an overall interaction parameter A as defined by Eq. (25).
This parameter is nondimensional and reflects the overall
degree of interaction between acoustic oscillations and vortic-
ity dynamics in the system. For example, an unstable shear
layer with a large growth rate a will interact more strongly
with acoustic waves. Strictly speaking, A is not independent of
the frequency /. However, the present assumption of a con-
stant interaction parameter probably does not affect the real
part of the eigenvalue /.

The characteristic condition can be simplified to the follow-
ing equation:

R + I 1 + M
R - 1 "" 1 - M'

2/?
R -\ (l + r)( 1 +

(2T + 1)

1 +Af

where

(29)

(30)

The frequency/is a complex number, and absolute instability
is possible when Im(/)<0. It can be shown that there is a
stability criterion for the parameter A below which the system
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Fig. 8 Eigenvalues for the coupled mode.

is stable. For large A, it can be easily shown that the growth
rate of the instability behaves as tinA. Figure 8 shows the
complex eigenfrequencies for the first three modes for various
values of A.

The frequencies of the first two modes computed from this
model problem are 190 and 360 Hz, which seem to reflect what
has been observed in the numerical simulations, although
there are discrepancies in the numerical values. There are quite
a number of uncertainties in the model that are still considered
as ad hoc assumptions. The convective speed of vortices in the
dump is taken as 0.5 of the jet velocity at the dump plane. This
reduced value was used in place of the value of 0.6 observed in
a freejet to account for the deceleration of the vortices as they
approach the impingement point, as was discussed previ-
ously.1 Also, the convection of acoustic waves by the mean
flow has been neglected. These factors can certainly affect the
eigenfrequencies computed using the model. Nevertheless, this
simple one-dimensional model, using the behavior of the
acoustic sources extracted from the numerical simulations, is
very helpful in understanding the complex physical processes
involved in acoustic wave/vortex interactions.

Discussion
The pressure oscillations in a ramjet combustor under cold-

flow conditions were investigated. The main contribution of
this investigation is the evidence that both resonant oscilla-
tions and coupled-mode oscillations exist in the combustor.
The former represent an acoustic free mode excited by vortex
activities, and the latter are oscillations in which the vortical
disturbances play a primary role in the formation of eigen-
functions. The amplitude of these oscillations, however, is
small. To understand the origin of the large-amplitude pres-
sure oscillations observed in an instability mode in a ramjet
combustor, the chemical heat release must be included. The
interaction among vortical disturbances, acoustic distur-
bances, entropy disturbances, and solid surfaces will be even
more complex than in the present case. Both acoustic resonant
modes and convective-wave/acoustic-wave coupled modes are
potential candidates for combustion instability when heat re-
lease is included. The application of the methodology pre-
sented in this article and in the related study1 to cases with heat
release is now being attempted.28

It is worthwhile to make a few comments on the present
numerical simulations. A simulation of the phenomenon of
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resonant oscillations requires a long computing time for the
flowfield to evolve into a quasistationary state. Even for the
present axisymmetric simulation, significant computational
time is required to obtain enough data for a meaningful statis-
tical analysis.1 The results presented here are perhaps the limit
of what can be done with state-of-the-art computing capabili-
ties. The breakdown of the axisymmetric vortical structures
into three-dimensional turbulence and the transfer of spectral
energy to high wave numbers be three-dimensional vortex
stretching is missing in this study. The dissipation of large
vortical structures can only be partially accounted for in the
present investigation by the relatively large molecular viscosity
and perhaps by the numerical dissipation near the end of the
combustor where the grid spacing is relatively large. The ex-
tension of the simulations to three-dimensional space requires
a computer at least an order of magnitude faster. Even then,
a subgrid-scale turbulence model will be required. Subgrid
models for compressible flows have just been emerging,29'30

and need to be validated for practical applications.
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